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On  The  Isomorphism  Between  Gauge  Groups  Before  And  After 
Renormalization  In  The  Presence  Of  Abel  Subgroups  And  Higgs  Fields 

Rong  Wang 

^Graduate  School,  University  of  Science  and  Technology  of  China) 

ABSTRACT 

We  give  a  rigorous  proof  on  the  isomorphism  between  gauge  groups 
before  and  after  renormalization,  in  the  presence  of  Abel  subgroups 
and  Higgs  fields.  - 

I . 

The  gauge  groups  which  contain  Abel  subgroups  (The  W-S  model  is  a 
special  case  of  these  groups)  are  more  complicated  than  the  gauge 
groups  which  do  not  contain  Abel  subgroups.  This  complicated  case  was 
never  discussed  by  't  Hooft  and  Veltman  til,  and  by  Lee  and 
Zinn-Justin  l21  in  their  early  renormalization  studies.  Later, 
although  Ross  and  Taylor  C31  studied  the  renormalization  of  the  W-S 
model  and  the  gauge  invariance  after  the  renormalization,  their 
discussion  was  not  rigorous.  In  fact,  their  results  were  accurate 
only  within  two  orders  of  perturbation.  By  using  the  identical 
equations  of  Slavnov,  Julve  and  Tonin  l.4j  found  out  that  gauge  groups 
before  and  after  renormalization  were  isomorphic  even  in  the  presence 
of  Abel  subgroups.  Their  method  is  very  similar  to  Zinn- Just  in ' s 
discussion  where  the  Abel  subgroups  were  not  pr esented . C 5  l  But  this 


method,  as  pointed  out  by  Zinn-Justin  ;:5.i  and  Taylor  6^,  requires  a 
strict  definition  ot  S*  .  Namely,  for  each  order  (’.e.  each  n,  n 
represents  n  loops),  S®*S‘=0  must  be  satisfied.  To  achieve  ~.hiz 
requirement,  after  n  loops  of  renormalization  and  S",,  after  n  +  1 
loops  of  renormalization  should  satisfy  the  following  relation: 

div  (SI) 

Here,  (  — 5  +  y, -t- ,  which  replaces  (.S  +  J,.i,  t  +  u,‘,)  ^ 
to  calculate  T  and  7",  where  7  is  the  loop  number  parameter.  0,  7”'^) 
represents  the  high  order  correction  with  order  higher  than  (n-t-2). 
However,  how  to  define  S®  of  each  order  n  and  how  to  de*"ermine  the 
high  order  correction  0(7"*'')  were  not  very  clear  in  this  method.  This 
also  was  not  clearly  described  in  the  paper  of  Julve  and  Tonin.  This 
vagueness  was  later  cleared  up  by  Lee  17)  who  was  able  to  determine 
the  relation  between  S",,  and  S*  .  In  his  proof,  it  was  clearly  shown 
that,  for  each  order  of  n,  S*  rigorously  satisfies 

i:  *  1:  =  0 

In  this  paper,  we  will  modify  and  improve  Lee's  method.  We  will 
give  a  rigorous  and  clear  proof  that  the  gauge  groups  before  and  after 
renormalization  are  isomorphic  in  the  presence  of  Abel  subgroups,  and 
that  for  each  n,  S®  rigorously  satisfies  S**S^=0. 

II . 

In  this  section  the  Slavnov's  identical  equations  in  the  presence 
of  Abel  subgroups  and  Higgs  fields  will  be  derived.  The  gauge  group 
can  be  expressed  as  C  — /10«, 


where  A  is  not  an  Abel  subgroup  and  B  is  an  Abel  subgroup.  Without 
fermion  field,  the  Lagrangians  which  are  invariant  under  the  gauge 


transformation  can  be  expressed  as 


r..  -J,,  “  “  "  —  d,.i;  T  /. 

where  is  the  non-Abel  gauge  field,  B,,  is  the  Abel  gauge  field,  s,, 
and  s^  are  the  Higgs  fields.  We  also  choose 

-  o:‘.y. 

In  the  W-S  m-dol,  for  orol  >.  r.t  .'- 


V  -  V  2 


1 


1 


“  ,—  ('Pi  ‘Pi),  ij  “  —7=^  +  I 

\  ~  V  2 

r',  T*,  r’ are  Pauli  matrices. 

The  gauge  fixed  term  of  the  gauge  is 

-  -  4  5»(C‘’)', 

where 

,  w  ^  I  S‘  (a,fV,  -  (-  =  1 ,  ; ,  3) 

5^  -  V  2 

C*  “ 

»•  2  v"  2 

These  expressions  can  be  rewritten  if  the  gauge  is  expanded  into  the 
general  case  of  one  gauge  only  (includes  the  gauge) 


C "•»  f,'" /I,  +  f?’'* +<■*”'*  > 

C*  “  f  !fi,  +  <■**♦  +  . 

Since  this  is  the  more  general  case,  it  is  not  necessary  to  be 
confined  in  SU(2)  and  a  is  not  necessary  to  be  1,2,  or  3. 

The  gauge  transformations  are: 


/f:  -  -i  {bjf  —  ), 

B,—  B.  B - Lari. 


If  0  =g 'X  /  and  the  simplified  functionals  are  used,  then  the 

above  expressions  ran  oe  rewriOrsn  as: 

-  .1.  -i-  (Aft- 
—  Zi.  “  K,  -r  Ai/i, 

^  —  —y  if  *•*/), 

2 

i,*  —  ‘f  —  ir  +  -J;-  ^ 

Some  symbols  are  simplified  as  below  («,jg  are  the  space-time  indices; 
a,b,c  are  the  group  indices  of  the  non-Abel  subgroup;  /  ,m  are  the 
group  representation  indices  of  the  non-Abel  subor:up). 

A;*  -  -d.r(x,  -  x,)s.,, 

where  the  i  in  the  left  hand  side  represents  a,«,  and  jr,-  in  the  right 
hand  side;  the  b  in  the  left  hand  side  represents  b  and  Xj  in  the  righ 
hand  side. 

‘U  —  i.*J\x,  —  x^')sr(x,  —  x,)s,f, 

where  the  i  in  the  left  hand  side  represents  a,(*,  and  in  the  right 
hand  side;  the  ^  in  the  left  hand  side  represents  c,p,  and  in  the 
right  hand  side;  the  b  in  the  left  hand  side  represents  b  and  Jtj  in 
the  right  hand  side. 

Similar  to  the  previous  expressions,  we  have 

a!  —  —d.s‘(x,  —  X,),  —  f'„ii'(x,  — 

Same  as  in  Ref. 7,  there  are  the  following  relations: 


These  relations  do  not  appear  in  the  Abel  subgroups  because  the 
structure  constant  is  zero.  Now,  from  Eqs .  (4)  and  (5)  we  have 

6/.* 

-  w:  =  —  -  (-  -Ts'^i)  +  (*7  ^  }’ 

6a.  ^  ^ 

.sii -  (-7''^') ""it 


6i. 


ai*  ^  2 

There  are  two  sets  of  F-P  fields  needed  to  be  chosen.  One  set  is  ,  1 
which  is  corresponding  to  the  non-Abel  subgroup;  the  other  set  is  u, 
u  which  is  cor  respond  ina  to  .A.bel  subgroup.  The  rouce  compensated  terir 
should  be 


—  <“>  —  <'1'“^“.'.  —  giUu  ;  <•*  —  irt2.lu 


—  if  u[  —  i  ‘l)u  —  <  ‘■'u  (  /s;  )  14 

-  (  ^  g'u  )  «  -  c;^u.  ( —  gst )  u 


Let's  take 


/  -  V'..,  UJ  +  i  CO/.)'  -  /U■(/^ 


+  (A7  -  +  (A'!  -  Ffu  .1.^ 

■+•  (a;  —  r/'M,  —  ff»  i|  — 


where  K*  ,  ,  k‘i'^  ,u,  ,Uj,u,  and  u  are  mutually  anticommuting.  In  this 


case,  the  B.R.S.  transformation  should  be  ( is  also  anticommuting 


with  respect  to  K, 


etc ) 


S  i.  -  (  -r  SB^  - 

•Sj.  =“  —  (i’-nfliU*  +  £  j*u)(5i, 

~  -7 
•> 

5u  —  u 

Su  -  +  rj/,  + 

According  t_  ;cl;  calculation,  the  in  Eg.  (9)  13  invariant  under  the 


B.R.3.  trans f armat i on  of  Eq.flO'. 


im  this,  the  i^lavnov  Lientica' 


equations  which  are  satisfied  by  can  be  derived 

lil  JiiL  +  ^  -  u, 

oA.'  aj,  aKi  as,  aK',  a„  sK‘r  ait  sl.  Bu. 


as" 

as"  _ 

1^1 

1 

1 

o» 

-^11 

BK', 

‘  / 

BK',* 

Am, 

,  BS" 

-  r* 

as*  _ 

. 

as*  _ 

_  aS* 

'  BKi 

SK', 

BK',* 

Am 

—  O'"  -t 

■> 

y-F 

1  c 

2  '* 

i(C'  c 

S*  can  be  used  to  derive  the  (perturbation)  vertex  generating 
functional  r  .  Since  the  integral  volume  element  d  ( A^  ) d  (  )d  (  Ua  ) d  (  u..  ) 
d(u)d(u)  is  invariant  under  the  B.R.S.  transformation,  the  Slavnov 


identical  equations  of  f  can  be  obtained 

IL  iL  -t-  JL-  JL-  +  ^  liL 

BK.'  BA,  SKi  8b,  BK'i  8i,  SK‘r  Bit  8L.  Su, 

CM  ar  Si  af  si 

sKt  bk;  aK',*  sa, 

_  f,,  sr  ,  Bi  .♦  sr  sr  _ 

SKi  SK‘,  BK',*  Bu 

f-/-,  -44(.C"/+  -i4(c*y. 

2  2 


Eqs.(lla)  and  (12a)  can  be  simplified  into 


Ill . 


I 


k 


Corresponding  to  the  Slavnov  identical  equatior.; 
the  operar,  ieri:.ec  by 


and  (121, 


5^''  ±  _  SS''  d  ds*  J_  ^  s 5“  B  sy  S 


fl.-i,  aKt  SB,  BK',  Bs,  SK'i*  Ss!  SL.  i:.. 

^ - 1-  ^tu  -^— 

BA,  SB. 


I  i  ^  t>  t  •  \  3 

+  y-  —  i  )  -- 


-t-  i  — T^''“  —  gl^b.u,u_ 

^  Z  Oil  - 

>  —  —  ^  4-  ^  ^  -r  ‘^- 

3/<,  JA:,^  BB,  BKi  Bs,  SK'i  ds^  BK'^  Bu,  it.’ 
They  also  Soitiofy  the  following  relations 

=  u , 

So,  •  -=•  0. 


13b 


13.- 
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(Similar  to  the  case  of  Ref. 7,  does  not  appear  in  the  above 
equations.  The  only  difference  is  that  some  u  terms  appear  in  our 
expression  but  not  in  Ref. 7.  Since  they  always  show  up  in  the  forms 
of  UjU  +  uu.i(=0)  and  uu(=0),  they  can  be  eliminated.) 

Now  let's  start  our  proof  by  the  method  of  Induction.  First  of 
all,  we  assume  that  n  loops  of  renormal izat ion  has  been  done.  The 
bare  S®  after  n  loops  of  renormalization  is  defined  by  3°  (equal  to  S® 
of  Ref. 6).  It  rigorously  satisfies  the  following  equations 


r 

5^.  *  5®.  - 

_ _  Jd  ri 

•w' 

dK: 

BK\ 

-  h  i 

_ _ 

i 

BKt 

<5a; 

B>\ 

I 

6K 


6^^ 

Dik 


13 


^  3K !  ’  dw 

The  first  equation  means  that  S°,  after  n  loops  of  renormalization,  is 


r  J 


7 


^’1 


invariant  under  the  B.R.S.  transformations  (This  is  true  for  n=0 


where  =S  l  . 
trans  format ’ O' 
ant icommut i na 


After  n  loops  of  renormalization,  the  B.R.S. 

•  “  ’  9ll  mutnali  v 


3.1, 

S.. 

bu. 


an,.  -  ‘5'^. 

bk: 

'  BKt 

—  ai. 

fli*  “  ai. 

iK 

Bk,- 

=  —  -  ^  Bi., 
SL. 

=-  U, 

5u  “ 

Since  S„  is  invariant  under  the  B.R.S.  trans  r  oi  t  i  on  o£  Eq.(lb),  the 
calculated  f  by  usino  sH  instead  of  S^  must  satisfy  the  Sl?.'.'nr\- 
identical  equations.  (There  is  one  condition  that  the  integral  volume 
element  must  be  invariant  under  the  B.R.S.  transformation  of  Eq .  (16) 

It  will  be  proved  later  that,  after  the  S„‘,  S,'.,  ,  .  .  .  etc.  are 
determined,  the  sum  of  the  Jacobian  diagonal  terms  is  still  zero.  Sc 
the  integral  volume  element  is  invariant  under  the  B.R.S 
transformation.)  This  implies  that 


r  * 

i  —  0. 

.  ..  af 

—  ‘  1  ■" 

sr 

=•  0, 

'  '  fiA,' 

SK\ 

dkr 

Bu. 

.f - 

_bf 

“  0. 

Bkl 

BK] 

du 

Here  /’can  be  expanded  about  the  loop  number'at  first 


is  replaced 


by  -is*)  : 


According  to  the  assumption  of  induction,  f,  ,  ,  r„  are  all 

limited,  and  f,,,  starts  to  become  divergent.  This  divergence  is  a 
general  divergence  of  n+1  loops.  The  divergences  of  all  subloops 
(less  than  n+1  loops)  have  been  eliminated.  According  to  the 
discussion  in  Ref.  5,  the  divergent  part  of  r„,,  is  expressed  by 


/’div(S,®)  ind  must  satisfy: 

f  j  .  LS\)*  S'”  +  S”  ♦  f  div  (5^,;  =  ( -c  i^,)f  d.,  (•  _  ,, , 

•  .  t  a  >  <  la  »  1 


'  SKi  dK‘,  ‘‘ 


b_ 

bK* 

<5 


SK\ 


~\i  uu-Ci”.,  -  ., 


6K‘, 


du 


- - -  )f  a'v  (.5«J  -  u. 

3A:r  a«  (  A-^  1 


In  order  eliminate  this  divergence,  we  must 
solitiins  of  /’div  (S“)  which  satisfies  Eq .  (1'?'. 


19 

ut  the  complete 


It  should  be  noted  that  i/m  does  not  show  up  both  in  the  Slavnov 
identical  equations  and  in  and  .  Therefore,  there  are  three 
kinds  of  solutions.  The  first  kind  of  solution  is  without  F-P  field; 
the  second  kind  of  solution  has  u^and  i.,  'als^j  can  have  u  and  Ti )  ;  th^ 
third  kind  of  solution  has  u  but  not  u,,  .  For  the  first  two  kinds  of 
solutions,  the  proof  of  Jaglekar  and  Lee  8  .  is  still  applicable.  In 
other  words,  the  local  complete  solutions  without  F-P  field  and  with  u 
and  Ua  should  have  the  form  like: 


oj,-/,  B ,  j,  j*  I  -r  ,  B  ,  i ,  j”,  u,,  u,,  u,  K ,  L] , 

20 

Although  expression  (20)  may  contain  the  third  kind  of  solution  isee  F 
of  Eq .  (30)),  it  can  not  contain  all  the  third  kind  of  solutions.  The 
complete  solution  of  the  third  kind  will  be  discussed  later.  Let's 
first  study  Gf  A,  B,  s ,  s'^  J  which  is  a  gauge  invariant  functional.  Since 
P  is  a  local  functional  with  dimension  4,  and  only  A; , 

-  j|Ds«(*  ,  and  V(s*s)  are  the  local  gauge  invariant  functionals  with 
dimension  4,  so  the  general  form  of  GC  A,  B,  s ,  s"^  !  should  be  like: 

C[  A  ,U  ,  I,  i'^]  —  a(  «  I.v  I -'1  ( 1  o  ( e  1  6,1 


(use  the  minimum  renorma 1 i cat i on,  e=n-4) 

For  ‘S’  is  the  operator  of  Eq.  (13a),  and  jr  must  satisfy  the 


following  requirements: 


(a)  The  F-P  charge  of  ^3  is  +1,  the  F-P  charge  of  F  is  zero,  so 


the  F~P  charge  of  ^  should  be  -1.  (La:-2;  K,a,  ,u:-l;  A, 8,3:0;  u,. 

1  ) 


A>.‘. 


(b)  The  dimension  of  3  is  +1,  the  dimension  of  V  is  4,  so  tne 
dimension  of  ^  should  be  3  (K,La:+2;  C'*'*  ,  C  ,  C  : +1 )  . 

(c)  All  the  indices  of  3  are  contracted,  all  the  indices  of  F  as.: 
also  contracted,  so  all  the  indices  of  ^  should  be  c.ontracted. 

From  these  three  requirements,  ^  only  has  seven  terms 

"  T  f'^ff ),  L/i.  which  contain  K  and  ■  No 
circle  term  i  n  5^  c"  n  ta  i  ns  both  K'or  b,,  '  ar’d  a  cecsa  ^  of  the  violati:: 
of  the  above  three  requirements.  K^^t,y  t^*^  will  come  back  to  k/a,- 
because  of  tj*  t^''^~  C ( G )  will  come  back  to  2^  because 

of  -  C(A’)5.,,  .  Since  the  propagators  satisfy  sjs*  =  0,  =  0, 

s^  3^*  #  0,  both  kJ  si  and  K^‘s^  are  excluded  from  . 

(d)  Due  to  the  last  two  of  the  Slavnov  equations  (19),  k/a,,  K* 

,  K^*  s^  ,  and  K*  s*  have  to  show  up  with  "Ua  and  "u  in  the  following 
forms : 

(A',‘  -  u.Fr)A„ 


iKl  -  uFt)B^, 


(k;-  cFu.-  c’u)s„ 
(K'F  -  -  cFu).-;. 


Besides,  there  are  also 
and  contain  K*  and  K^*  . 


some  other  terms  which  satisfy  ( a ) , ( b ) , ( c ) , ( d ) 
They  are: 

(a;  -  +  rf?"). 

(XT  -  ). 


It  can  be  seen  from  the  perturbation  theory  that  d^^  and  d*  are  the 


group  covariant  constants,  e^  and  e  are  constants.  Since  the 


propagators  satisfy  \  0,  s^^  =  s^^*  =  0,  k/  only  multiplies  with 

c  jj,*'  and  Cf*  ,  and  only  multiplies  with  and  cf . 

The  term,  which  contains  Lu ,  is  not  affected  by  requirement  (d) 
and  is  still 

LjU,..  f"'"' 

If  is  operated  on  (22),  and  (24)  to  (28),  then  as  mentioned 
before  only  the  second  kind  of  solution  (contains  u^  and  u^  or  u  and 
u)  will  be  obtained. 

If  ^  is  operated  on  (23),  then  the  third  kind  of  solution  which 
contains  will  be  obtained.  But,  as  mentioned  before,  express  ion 
(20)  does  not  contain  all  the  third  kind  of  solutions  (i.e.,  for  the 
Abel  subgroup,  the  solution  of  Joglekar  and  Lee  is  not  completed). 
Therefore,  the  other  method  must  be  used  in  order  to  find  out  the 
third  kind  of  solutions. 

If  the  perturbation  is  on  S^,  f  must  have  the  term  of -uF^fa^u 
(i.e.,  the  uu  self-energy  term).  According  to  the  third  one  of  the 
Slavnov  identical  equations  (19),  this  term  of  r  should  have  the  form 
like 

—  (K®  -  uFf  )  af  u 

At  the  same  time,  if  the  perturbation  is  on  c®us^  u,  f  must  have  the 
term  of  ~cjus^u  (the  us^  u  vertex  of  the  renormalization).  According 
to  the  last  two  of  Eq .  (19),  this  term  should  have  the  form  like 

~  (a;  —  f —  (fu)jiu. 

Similarly,  /’  should  aiso  have  the  term  like 

~  (Ar  - 

If  ^  is  operated  on  all  these  terms,  they  will  become 


11 


Since  is  invariant  under  the  i/(l)  gauge  transformation,  it  is 

zero  if  is  joerated  *n 

,  _  .  —  I  ,  >  _  /  I-I*  _  —  r  *'■«')(  —  '  iTu 

-r^Ki-^r-. -  29 

Therefore,  Eq.  (29)  is  also  a  solution  and  should  be  the  third  kind  of 

solution.  However,  it  can  not  be  written  as  in  t.he  form  of  (29)  . 

It  also  should  be  mentioned  that  23 )  is  the  only  third  kind  of 

solution  which  contains  B^,  and  that  (29)  is  the  only  third  kind  of 
solution  which  does  not  contains  .  For  the  former  case,  since  only 


m  ** 


can  cancel  out 


,  but  not  the  other  functional  :f  . 


X  (23) 


is  the  only  third  kind  of  solution*  which  contains  B^  .  For  the  latter 
case,  since  the  F-P  charge  of  u  is  +1,  when  it  shows  up  in  f  it  must 
be  the  combination  of  K®u,  kJ  u,  K^*''u,  uu,  u^  u,  and  L^UaU.  The 
dimension  of  T  is  4.  Although  the  dimension  of  L«UrtU  is  also  4,  it 
should  be  excluded.  This  is  because  the  form  of  L„u^....  can  not  be 
obtained  from  the  perturbation  on  Laf«kcU*Uc.  uuuu  and  u^,  uu^  u  which 
have  dimension  4  also  have  to  be  excluded.  This  is  because  uu=0  and  u„ 
u«=0.  In  fact,  according  to  the  last  two  of  equations  (19),  u„u»uu 
only  can  show  up  in  the  forms  of  (  k/ -c/**  u^ -c*  u )  u,  ,  ( -c/”*  u„ -c/'' u  )  u, 

,  or  (K^^-ti^  F/'  )u*  multiplying  ( K^* -c^'  u„ -c*  u  ) u,  ( u^ -c“^  u )  u,  or 

*  pee  F  of  Eq.  (30) 


^  I  ^  ,  .A  _ — *  **  * A  '  A  *  &  a.  '  ^  V  - 


12 


{K--u^F;  )u.  Because  of  this,  the  dimension  will  be  more  than  4.  So 

they  should  be  excluded  (here  there  is  no  perturbation  for  the  vacuum 
spontaneous  symmetry  breaking).  Therefore  the  solutions,  which 
satisfy  the  last  two  of  the  Slavnov  equations  (19),  have  F-P  charge  cf 
zero  and  dimension  of  4,  are  consistent  with  the  perturbation,  have 
all  their  indices  contracted,  and  do  not  contain  and  u.,  but  contain 
u,  only  can  have  the  following  three  combinations  (A,,-  has  a  different 

index  and  can  not  be  included): 

~  (A'!  - 
~  (K'l  —  cf‘u.  — 

-  (Ar 

(The  reason  why  2^  and  s^  do  not  show  up  here  has  been  discussed 
before.) If  the  three  terms  above  also  want  to  satisfy  the  first  one  of 
the  Slavnov  equations  (19),  the  only  possibility  is  that  these  three 
terms  must  combine  themselvesinto  the  form  of  (29).  So,  (29)  is  the 
only  third  kind  of  solution  without  containing  . 

IV. 

All  the  independent  solutions  which  satisfy  the  requirements  of 
rdiv  (S,t)  have  been  found.  They  are  (from  (21)  to  (29)): 


i: 


2 

E  -a.FnA, 

«  A,  -  (A7  - 

8A. 

F  -  -  uFiyB,  - 

OB, 

C  -  K‘,  -  cfi.  - 

(k;  -  era.  -  diy  (-  f  -  7*'^'“)’ 

Bs, 

H  — 

« ^  iKf  -  <-r-.  - 

Bs; 

I  mm  ^(K'l  —  ~~  -t*  ) 


So,  the  qenerai  form  of  /  div  (Sr»  )  is 

'  ~  i  /t  f 

f  div  —  a(«X31a)  +  o'(«)(3lb)  +  a"(*X31c)  + 


+  ^(*X31e)  +  ;?'(«X31f)  +  ;?;'(»X31g) 
+  ;?i'C«X3ih)  +  a,(«X3iO  +  jX«X31)) 
-yCO(3U)+  >)(«)(311) 


I  2 


a 

SA. 


L. 


BL. 


* k* Tid 


_  ^ 

2  bg 


Xii  -  a_ 

2  bg 


Bu, 


-‘■id 


(_  -  /x,)j  +  (-  2^>  +  #(,)  - 


^  {(^  - »(.))  - {^-n.}))  ■  (.r 
,  ((^  _,•(.))-  (=^  -  n.y))  ■  ('f  ^  ) 

-  X-  -  '■■••- T^l  *  «•>''<'''>■  ■ 

Bii  Bit  J 
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Some  points  should  be  explained.  They  are; 

(a)  Since  u  and  u  have  common  renormalization  constant  Z^,  so 


7(e)  =  0. 

(b)  Since  s^  and  s^*  have  common  renormalization  constant  Zj  (i.e 
the  Zj  of  sTs/  propagator),  so  let 

j3y  (e)  =  /?/'( e  )  =  /3^"  ( e  )  . 

(c)  ?(e)V(s^s)  can  be  eliminated  by  the  renormalization  of  /I  in 


Eq.  (2)  (For  example,  we  can  choose  ).  There  is 

an  independent  Z4. 

^  •“  +  ecf'  )d](,e), 

•'/r»+U  “ 


Let 


™  (2,)i^(i,  -t-  (i'l),). 


Where 


(ZJ,  —  1  T)z,(,j  +  n^z.Ct) 

<  ,  •“  :■  ,  +  +  •  •  ■  +  ri't'i  ,  . 

Here  the  zerota  uraer  does  not  have  spontaneous  breakiny,  jnJ 

Ah* 


•  ■  i  vn.i,  vu.*n  are  gauge  related  (related  to  c,  ,c. 


) 


cancelling  terms  of  the  polliwog  diagram.  They  can  be  eliminated  by 

renormalization  as  following: 

-  ((Z,)i^>,(;,  +  (..,).*,)  -  (z.y,'>Cs,  +  („,).)) 

—  ( (  I  -t - _  1 V7  v'- 

+  (U  +  - ^ 

+  +  •  •  •  +  Kz,y:‘ 


Similarly,  we  have 


Again,  le" 


^'.m  il.)  “  (  Z|)',  ■«,» 

£i. -(z;)‘.'«,  i?., -=(z 


If  every  (Z)^  is  expanded  by 


(Z).  -  1  -t 


then  we  have 


We  also  car. 


•■leqlect;  (  )„  symbol) 


Comoar 


Z 


) 


7'  * 

-A!_  a  cO  ^ 

Z,Z\-  ’  Z,’ 


z, 


A.f- 


z:’^„.  z;-^z;‘^ 

zi^  '  ”  zy'  " 


,  7 

AT  - 

2;^ 


t'r*  _  ^  i  ^ 


-•  Z]"  ^ 

yir.^‘  * 

^  4 


z;-’ 

M/7 


_  7'U- 

mm, 

''  zy»  '  ’ 


74/7 

r  *^*  *=.  £l- 

zy>"'  ’ 


...  _  Z'.‘'>  .* 
^"'• 


then  the  c 


^  i  («■  4-  •■ 
2 


2  2  - 


—  —  ;>(  d  ;  —  — 

rtY «  )  ./  ^  rCe) _ g''.4i> 

» ' .  )  -  rfX , ) _ IZiiiJ-,  _fLlt2  +  ^'(*) - ; - 7^' 


^  C " ) 

-^  "(•)  - - 


^’Kd  +  l) 


- r  )♦ 

2  ! 


li-ii —  —  ( ii(.+i, — *>(.+1/  “ "  *j(.+i)y 


34, 


35 


If  the  A,  B,  3  ,  s  •■ ,  K,  L,  c,  g,  g  '  ,  4 ,  .  .  . ,  U/  and  u  of  S  are  replaced  by 


rSf„„)  ,  /  •  •  ’  !  3nd  /■  then  S  xs  iredetlned  ss  S„,i  . 

Similarly,  if  they  are  replaced  by  A^",  ,b‘„  ,s",  ,  s*"  /K,",  ,  .  .  .  .u,",,,  ,  and  u, 
,  then  S*  is  redefined  as  S “ .  After  these  replacements,  we  have 

^(•+i)(5^*i)  "  r (,+;  (s^)  -t-  (s^+i  —  +  o(ij"'*'M. 
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Because  of  Eqs ,  (32)  and  (35),  (S,X,-S")  (-0(7’"))  will  cancel  out  all 
the  divergent  terms  ^"‘'/•div  (3„*)  (-0(7”^');  this  is  a  general 
divergence  of  (n  +  1)  order)  of  )  .  But  this  will  not  affect 

those  terms  with  an  order  less  than  7*  •  So,  for  /^,^,(  3,,“,  ),  not  only 
those  limited  terms  7 ',  7',  .  .  .  . ,  7"  are  still  limited,  ^'''also  becomes 


limited.  This  is  the  result  we  want  for  the  renormalization. 


Since  3„.,  and  s,,  are  obtained  from  the  variant  transformation  of 


S  ,  the  Slavnov  identical  equations  should  hold  after  the  variant 
-.rans  forma  -  -  -u  :  .  ■  - - 


AS’' 


—  t ; 


-  F‘. 


f  S'  . .  A.s’;.^.  As’',.  55^ 

A>si,,:  <5/s.'«.,..  a,;,.*, 

as’’,, 


■5',. 


U, 


— 


r  .-n} 
i.s-;, 


_  ^••»o 


1  _  ,B.C 


u, 


0, 


From  the  multiplication  “leiarion  (Eq.“j4)  of  the  r e nor ma  1  i cat i on,  we 
have  (see  exnrecciin  4  '  ‘ 

-Lc^^Cc-y-*-  ^;aCC*y. 

2  2  2  *' 


So  the  gauge  fixed  term  is  invariant  under  renormalization, 
of  the  following  equation  (from  Eq .  35) 


1  1  -  I  .  ,  1 

—  "t  — “  T  *>(•+•>  ■*“  ~Z  *»(••*•» 

2  2  2  2 


lill 

2  ' 


Because 


we  have  (the  equation  above  is  true  for  each  order) 

Zjij  =  z;z;. 

So,  after  eliminating  the  common  constant  factor,  Eq .  (37)  can  be 
rewritten  as 


A\  . 

4-.^,- 1 

5 Si.,  SS^ 

1  45“,..  SS°..*,  j  45*,4'.  451^ 

SS'  . . 

♦ 

1 

S.l, 

SKt  3B^ 

tf/V;  dii 

BL. 

Bu, 

4.V'’,.. 

(  i 

Cf  "  u. 

SK,' 

SK', 

SKf  6u. 

-  Ft 

4y,.. 

SKt 

1 

•  — 

1 

4^..,  SS'U,  _  „ 

SKT  Bu 

3 

It  is  obvious  that  Eq .  (39)  can  be  proved  rigorously,  and  is 
consistent  with  Eq .  (15).  So,  it  can  be  used  as  a  starting  point  for 
the  higher  order  renormalization. 

It  should  be  noted  that  the  first  one  of  the  equations  (37)  implies 
that  S*  is  invariant  under  the  following  B.R.S.  transformations  (Eq. 


~*  l'»  V-W  I  n,  •  l_  I  1_  II  I  J  I  w  I  I  _H 


U,  n  II  J  in  L  ,1  M  J'l  j  ■  I  I II  ,.  I  ,  ,1  ,  ,1  , 


10  is  under  the  variant  transformation) 


®  -.+1,  “*  ~r  6x“, 

)ai‘, 

jSi.° 


at‘,  .»!,  “  +  ■  »*ZS 

-  0. 


tr  a:.3  f  or  med 


-  iKfiiil..,.,  +  .iju*,.  a-  ci:.\yu\,ua-\ 

Trying  variant  tr  uno  f  or  mat  i  on  again,  _ _  ^ 

into  A,,B^,....  according  to  Eg.  (34).  Among  those  gauge  rixed  term: 

A,-  andf^'^F^fe^  are  not  renormalized.  For  the  B.R.S. 
transformation  which  is  related  to  and  ^u,  I^F^A;  and  are 

invariant  before  and  after  renormalization.  Because  of  these,  we 
should  choose 


Oi 


& 


Then  we  have: 


where 


31'  -  z'/'-z'.'^si  - 

B.-t,  —  ((Z,),+,.if*  +  i;(Z,).+,»*,.<,>,5i, 

^‘1  “  Ci(Zi).+irV*“*  + 

3-;  -  ~(K(2,).*,r*„«,  i-  g’iZ\'),;u)8l, 
"  ~  ~ 

-  SAiFfAt  +  +  «-i^/;)3i, 

3«  “  0, 

Bu  -  {,(  FlB^  -4-  c!f,  ■+■  <-;V)31, 


</  —  /|  +  (  Pi).,,,  tl  J.; 


Here,  (42)  is  the  B.R.S.  transformation  related  to  Eq .  (39)  (s/.,  is 
invariant  under  the  B.R.S.  transformation),  and  is  also  the  general 


A3 


i  1 


:%  >j 


,wi 


form  of  the  B.R.S.  transformation  of  (16).  Replacing  n+1  by  n,  (42 
will  become  ( 16 ) . 


Comparison  between  (42)  and  '10': 

(a)  In  Eq .  (10),  =s^  ,  sj=s*,  but  in  Eq .  (42j,  and  ■zj'  are 

translated  by  Eq.  (43).  This  is  necessary  for  the  elimination  of  t 
divergent  terms  and  i/'  (gauge  related  vacuum  expectation  value  : 
which  appeared  during  the  renormalization  process. 

(b)  Between  Eqs .  (10)  and  (42),  the  following  relations  hold: 

r*„  —  r'.„  “  (  Z- 

+  ^  Z  I  + 

jt  U  ^ 

In  other  words,  will  become  bare  etc.  after  the 

correction  of  (n  +  1)  order  perturbation.  These  bare  a  ,t'',T‘’,  and  f 
still  satisfy  (from  Eqs.  (44)  and  (6)) 

(  ~]  tfu.+i;  —  'j 


.0 


•0  _  ,*0  ^4*0 


This  is  the  same  as  Eq  •  (6), 


(c)  Exchanging  i  and  I  in  Eq.  (45),  we  have 


.  ,*e  _  —  /O  _  n 

/•#«’(«■♦  1)*  II  («^r,  w , 

can  be  treated  as  a  matrix.  For  different  c,  M^*s  are 
mutually  independent.  So,  we  have 

•  0, 

S  i  nee  <wi*c/  ^  implies 

/Lm**+I)  •“  u. 


Therefore,  under  the  B.R.S.  transformations  of  Eq.  (42),  the  sum  of 


the  Jacobian  diagonal  of  the  functional  integral  volume  element  is 
zero  and  the  Jacobian  is  1.  The  Slavnov  identical  equations  of  f  at 
(n+1)  order  can  thus  be  obtained,  (i.e..  Eg. (17),  f  is  derived  by 


This  will  guarantee  that  Che  same  renormalization  process  can  be 
continued  for  the  next  higher  orders. 


(d)  The  gauge  transformations  which  are  corresponding  to  Eg.  (42) 


(  / 


are  (let  “  7 /TZT ^  ‘ 

SB^  - 

~  T 1 1. 
It  can  be  seen  rrcm  o ) ,  (c),  and  (d)  that  the  , 


to:;  constants  of 


gauge  groups  before  and  after  renormalization  are  one  to  one 
correspondence,  and  that  the  Abel  subgroups  are  still  Abel  subgroups. 
This  is  the  proof  of  the  isomorphism  between  gauge  groups  before  and 
after  renormalization. 

In  the  presence  of  fermion  fields  and  v^,  since  gA^-  and  g '  B„ 

-L  L 

appear  in  and^^,  they  are  zero  after  the  operation  by  i  4 -f, 

_  c»  _d _ i’’  JJ 

2  dg’  2  SB  7  dc'  will  only  give  new  renormalization  constants 

and  ,  but  will  not  affect  the  overall  renormalization.  The 
fermion  field  coupling  with  the  Higgs  field  will  give  new  coupling 
constants  and  then  new  renormalization  constants.  But  again  this  will 
not  affect  the  overall  renormalization. 

If  the  vacuum  spontaneous  symmetry  is  broken,  then  the  discussion 
of  Zlnn-Justin  and  Lee  L2i  is  applicable.  No  discussion  will  be  given 
here  . 
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ON  THE  ISOMORPHISM  BETWEEN  GAUGE  GROUPS  BEFORE 
AND  AFTER  RENORMAUZATION,  IN  THE  PRESENCE 
OF  ABEL  SUBGROUPS  AND  HIGGS  FIELDS 
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AbbTitACT 

Wf  give  a  riguruus  prouf  on  the  U^CiurpLisin  between  gauge  gruup-  before  and  after 
reH'^ruialuatiijn,  m  the  preiwuce  of  Abel  subgroups  and  lliggs  fields. 


